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Abstract 

In this paper I give an explicit conformal field theory description of (2+1)- 
dimensional BTZ black hole entropy. In the boundary Liouville field theory I in- 
vestigate the reducible Verma modules in the elliptic sector, which correspond to 
certain irreducible representations of the quantum algebra U q {sl2)QUq(sl2). I show 
that there are states that decouple from these reducible Verma modules in a similar 
fashion to the decoupling of null states in minimal models. Because of the nonstan- 
dard form of the Ward identity for the two-point correlation functions in quantum 
Liouville field theory, these decoupling states have positive-definite norms. The ex- 
plicit counting from these states gives the desired Bekenstein-Hawking entropy in 
the semi-classical limit when q is a root of unity of odd order. 
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1 Introduction 



The classical laws of black hole mechanics together with the temperature of Hawking radi- 
ation suggest the identification of A/4 with the physical entropy of a black hole, where A 
is the area of the horizon. A major goal of research in quantum gravity is to understand 
the statistical origin of this formula. Besides serving as a useful model for realistic black 
hole physics, the (2+l)-dimensional BTZ black hole has also been found to be related 
to the near-horizon geometries of many high dimensional black hole solutions (see for ex- 
ample, [2111313103113111111113^3 ) • Thus it is of strong importance to understand BTZ black 
hole entropy from first principles. 

The asymptotic symmetry group [IT] of (2+l)-dimensional gravity with negative cos- 
mological constant A = — l// 2 is generated by two copies of the Virasoro algebra, with 
classical central charge 

CL = CR = — , (1.1) 

where G is the gravitational constant in 2+1 dimension. Based on this fact, a simple 
derivation of the BTZ black hole entropy was given in 2|I5] using Cardy's formula jl2H3ll5] , 
which states that the asymptotic density of states for a conformal field theory is given by 

fA x \ L I (cr-24A )a \ J / (c l -24A )a | 
p(A,A) ~exp<p^y Vexp^2vry \, (1.2) 

where A, A are the eigenvalues of Virasoro generators Lq and Lq, and Ao, Ao the lowest 
eigenvalues. For the BTZ black hole |16l l2l. 

M=(A + A)/Z, J = A-A, (1.3) 

where M and J are the mass and angular momentum of the black hole. Substituting into 
(|1.2|) , assuming that 

A = A = 0, (1.4) 

we obtain the Bekenstein-Hawking entropy for BTZ black hole. 

Unfortunately, such a derivation does not tell us what microscopic degrees of freedom 
contribute to the black hole entropy. The presence of the asymptotic conformal algebra 
strongly suggests that the asymptotic dynamics is described by a two-dimensional conformal 
field theory. We thus would like to have a more concrete understanding of the black hole 
entropy by explicitly counting the states in this boundary conformal field theory. 

A good candidate for such a boundary conformal field theory is Liouville field theory. 
(2+l)-dimensional Einstein gravity with A < can be reformulated as a Chern-Simons 
gauge theory with gauge group SL(2,R) x SL(2,R) [TT|IT8]. with gauge potentials 

= co a ± e a /l, (1.5) 
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where e a = e°;dx^ is the triad and u' 
Hilbert action becomes 



Lu^bcdx^ is the spin connection. The Einstein- 



I = 



/cs[AH]_j cs [AW] 



(1.6) 



where 



Ics[A] 



I 

J A 



M 



Tr{A AdA + -A A A A A} 



(1.7) 



is the Chern-Simons action. The asymptotically AdS boundary condition |HH19j reduces 
the asymptotic dynamics to a boundary Liouville theory [llIll2"Uj . 

There have been questions whether Liouville field theory provide enough microstates 
for BTZ black hole entropy counting j2j. This issue is related to the spectrum of Liouville 
theory, which we will discuss in Section 13.61 After canonical quantization, the spectrum 
of Liouville theory consists of two different classes. In Seiberg's notation, they are called 
the normalizable macroscopic states and the nonnormalizable Hartle-Hawking states re- 
spectively. The state-counting of the normalizable states is well understood. Define the 
effective central charge |14|I15| as 



The lowest Virasoro eigenvalue for normalizable states is Ao = (c — l)/24 rather than 
0, so c e fj = 1. Thus the density of states behaves like that of an ordinary scalar field, 
which does not provide enough states for entropy counting. However, the condition (|1.4j) 
may be satisfied by the nonnormalizable Hartle-Hawking states, which correspond to local 
operator insertions. This suggests that in order to understand the state counting, we ought 
to investigate these Hartle-Hawking states instead. 

The understanding of state-counting in Liouville field theory has further motivations, 
since Liouville theory can also be obtained near the horizon of an arbitrary black hole by 
dimensionally reducing to r — t plane |221I23| . There, similarly, the classical central charge 
of Liouville theory gives the Bekenstein-Hawking entropy of the black hole by applying 
Cardy's formula. Thus the understanding of quantum Liouville theory and its explicit 
state counting could offer an explanation for the "universality" of the Bekenstein-Hawking 
entropy in different approaches to quantum gravity. 

In this paper we first review in Section |2] classical Liouville field theory, which is closely 
related to the description of two-dimensional surfaces. We follow in Section |3] and |I] with a 
summary of the canonical quantization procedure proposed by Gervais and his collaborators 
|24 | I25 | I2T | I28 | I29 | I3() [ I31 | I3~2 | I33 | I34|. which shows manifestly the underlying quantum algebra 
structure of the theory. In Section |SJ we construct the Hartle-Hawking states corresponding 
to certain irreducible representations of the quantum algebra. The conformal weights of 
these states are of Kac form, and the Verma modules built on them are reducible. In order 
to define the norm of the states decoupling from these reducible Verma modules, Section El 
gives a discussion of the Ward identity of the two-point functions in Liouville field theory, 
whose difference with the standard form has a geometric origin. In Section Q and |H1 we show 
that these decoupling states can have positive-definite norms and that the corresponding 



Ceflf = c - 24 A . 



(1.8) 
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Verma modules are unitary irreducible representations of Virasoro algebra. When q is a root 
of unity of odd order, in the semi-classical limit these states give the Bekenstein-Hawking 
entropy. 

2 Classical Liouville field theory 

Here we give a quick review of classical Liouville field theory. Consider the Liouville action 
with Euclidean signature [351136] 



where g a b is the fixed background metric and <ft is the Liouville field. The coupling constant 
7 is related to the cosmological constant by 7 2 = 8G/1, and R is the scalar curvature of the 
background metric. 

Classically the action (|2.1j) defines a conformal field theory invariant under the Weyl 
transformation 



We also define a new field 92 = 7^, which will be convenient when we discuss the connection 
between Liouville theory and quantum geometry. In terms of <p the action becomes 



Here \x is set to be 4 by a shift in the value of (p, so that each solution of the equation of 
motion corresponds to a two-dimensional surface with constant Gaussian curvature K = 
-1. 

In terms of the complex coordinates, 




(2.1) 



9ab -> e p g ab , -> 7^ - 2p. 



(2.2) 




(2.3) 



z = e 



r-\-ia 



(2.4) 



the improved energy-momentum tensor T is given by 




(2.5) 



with Fourier modes that satisfy the Virasoro algebra 



i{L m , L n }p. B . = (m-n) L m+n + — (m 3 - m)£ m> 
with a classical central charge c c \ = I2/7 2 (see, for example [351 36 ). 



— n 



(2.6) 
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elliptic solution parabolic solution hyperbolic solution 

Figure 1: er-mdependent Euclidean solutions 



2.1 Classical solutions in Euclidean space 

One can choose a local coordinate system such that g a b 
^, called the Liouville equation [37], is then 



d z dz<p 
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5 a b- The equation of motion for 

(2.7) 



By the uniformization theorem, each solution of (|2.7j) 

e^ z) dzdz 



[A(z)+B(zW 



(2i 



describes a two-dimensional surface with constant negative Gaussian curvature K = — 1 
conformally equivalent to a quotient of the Poincare upper half plane H by a discrete 
subgroup r £ PSL(2, R), for some locally defined (anti-)holomorphic functions A(z)(B(z)). 

Along a curve z — ► e 27n z, A and B transform by an SL(2, R) transformation. Depending 
on the conjugacy class of the monodromy of A{z) and B(z), there are three classes of local 
solutions: elliptic, parabolic and hyperbolic. 



1. elliptic: 
surface, 



A(z) — > (TRgT 1 )A(z), the curve surrounds a conical singularity on the 



2. parabolic: ^4(z) 

3. hyperbolic: A(z) 
where 



(TP\T 1 )A(z), the curve surrounds a puncture on the surface, 
■ (TB € T~ 1 )A(z), the curve surrounds a handle of the surface, 



Re 



cos f 
— sin ( 



sin t 
cos I 



1 A 
1 



B r 







and T is a PSL(2,C) (Mbbius) transformation of A(z). B(z) transforms in a similar 
fashion. 

Here are some a-independent examples of the classical solutions, shown in Fig. ^ which 
are : 
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1. elliptic solution: 



4a 2 



(zz) 1 -^! - (zz) a ] 2 ' v/ z 2 \ 2 7 2 2 7 2 

2. parabolic solution: 



n*) = 4 A, (2.io) 



[log zz] 2 ' z 2 2 7 2 ' 



3. hyperbolic solution: 



4m 



1 / m 2 1 \ 



zz[sin(f log zz)] z 2 V2 7 2 2 7 

2.2 The classical SL(2, C) symmetry 

Consider the system defined on a flat cylinder, where a G [0, 2ir) parametrizes space and r 
parametrizes imaginary time. Define light-cone coordinates x ± = a =F if. 

A Liouville solution with periodic boundary condition can be rewritten in terms of the 
chiral fields Xi{ x+ )i £i{x~), i = 1,2, with conformal weights (—1/2,0) and (0, —1/2): 

e^ = ^(X2£i+Xi£ 2 ) 2 , (2.12) 
where Xi(x + ), £i(x~) are two pairs of real solutions of the Schrodinger equations 

(d*-^T ++ ) X i = t = 1,2 

(^-^T__)& = 0, (2.13) 

with unit Wronskians X1X2 ~ X1X2 = 1, ^1^2 ~~ ^1^2 = 1- The real periodic potentials 
T±± = ^(-<p±± + 5<^±) satisfy T ±± (cr + 2vr) = T ±± (cr). 
Note that a constant Mobius transformation 

s)-(:i)(5)- (4M:i)(4) <™ 

preserves both e - ^ = |(x2^i + X1C2) 2 and the unit Wronskians. For 2j a positive integer, 
we have primary fields e~^ v with weights (— j, —j) expressed as 

1^ . M „ 



= (4) (X26+X16) 2 

= (J) 2 E (-ir^j^)^^-), (2.15) 



m=-j 
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where the fields 



V^ + ) = y ( ■ 2 _ j m ) xr"Y 2 + "\ ^(x") = </( . ^ ) ei +m (-6) J - m (2-16) 

transform under SL(2, C) transformations like the spin-j representation with finite dimen- 
sion 2j + 1. For 2j a negative integer, on the other hand, the decomposition into chiral 
fields is infinite. These fields also form 51/(2, C) representation. 



3 Canonical quantization 

3.1 Backhand transformation 

For canonical quantization, we may work at imaginary time r = without loss of generality. 
Because the potential T of the Schrodinger equation (j2.13j) is periodic, T(a + 2ir) = T(a), 
the solution has periodicity 

Xi(a + 27r) = M/ X », (3.1) 

where Mf is the monodromy matrix of the Schrodinger equation, which is related to the 
monodromy property of the classical solution. For the hyperbolic and elliptic solutions, we 
can use an SL(2, C) transformation to diagonalize M- so that Xi (and £j) becomes periodic 
up to a multiplicative constant 

Xi {a + 2vr) = e™™ Xx (a), X2 ( a + 2vr ) = ' X2 (a), (3.2) 

(i) 

where Pq are real for hyperbolic solution and imaginary for elliptic solution. We will not 
consider the parabolic solution in this paper. A priori Xii Ci do not need to be real, as long 
as the resulting <p field is real. 

The chiral fields Xi can be written in terms of bosonic fields q^' as 

Xi =exp(lq^). (3.3) 
With the chosen periodicity Q3.2JI the fields and can be expanded in Fourier series: 
9 W W=9?+pfV + »E a ™ e_mff / m . i = l ^ ( 3 - 4 ) 

and it can be shown that the Fourier modes |39II24II25II26II27II32| satisfy the Poisson brackets 

K i°m}p.B. = -inS n _ m . (3.5) 

Assuming in addition that {qo\po^}p.B. = 1, the Liouville field <p{cr) is thus related to 
the free fields q^(cr) and the anti-chiral counterparts q^(cr) through a classical canonical 
transformation (a Backlund transformation). 
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The stress energy tensor T ++ can be expressed in terms of either set of the free fields 
H3H71 as 

T++ = - \P>" + li^'f] = ~ lQ {2) " + ^ i2) n (3-6) 

The conformal generators can be written in either set of the Fourier modes, and give a 
Poisson-bracket realization of the Virasoro algebra (j2.6j) . 



3.2 Canonical quantization 

After the Backlund transformation, since (a) and gW (a) are free fields, the quantization 
is straightforward. All the complications of the interacting theory are in the Backlund 
transformation. 

Classically the two free fields q^(cr) (or q^\cr)) and q^ 2 \cr) (or q( 2 \a)) are not inde- 
pendent. We could express one of the free field in terms of the other and proceed with the 
canonical quantization in terms of one free field as in |38[ l39j . Instead, we will follow the 
canonical quantization procedure of Gervais and Neveu [2^25p26p27|l28p29|l30p31|l32p33|l34| , 
where the two free fields remain symmetric in the quantization, so that the quantum algebra 
structure becomes clear. 

The basic idea of |2^l2^l2^l27l28l2^M)l3TI32l33T34| is quite natural. Classically we have 
the relation (|3,6[) . where the description in terms of two sets of fields are equivalent. Now 
impose canonical quantization conditions such that the two sets of the free fields remain 
symmetric: 

[qf,p£ ) ] = h [a«,a«]=n<_ m , (3.7) 

Po = P ( o } = -Po ] ■ (3-9) 

In (|3.8|) iVW define normal orderings for the two sets of fields. Condition (|3.9|) ensures that 
the Wronskians will not change when a — > a + 2ir. 

The Virasoro generators can then be written in terms of either set of the normal-ordered 
creation-annihilation operators |26U27| 



1 00 

n=l 

T m = (p? } aW -Lmaft + l £ a «_ n a «), m + , (3.10) 



and satisfy 
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[T m ,T n ] = (m - n)(T m+n - ^5 m - n ) + ^(1 + ^ )m 3 5 m - n (3.11) 



7 



with quantum central charge 



c=l + -y. (3.12) 
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Mapped onto the complex plane, the operators 

Lq = Tq + L m = T m , (3.13) 
satisfy the standard Virasoro algebra. 
3.3 Quantum coupling constant 

After canonical quantization, the conformal weight of the vertex operator e aLp is shifted 
from the classical value to 

A = A = -^(a--i) 2 + ^L. (3.14) 

It is convenient to define a quantum coupling constant 7 |281I29| . The quantum operator 

corresponding to the metric is no longer e v but is renormalized to e vip , with conformal 

weight (1,1), such that e l " f dzdz remains conformally invariant. The quantum coupling 
constant is defined by 7 = ^7, and satisfies the equation 

1 ~ \f = 1, (3-15) 

7 2 

which has two solutions: 



7± = • (3.16) 

7 

It is this quantum coupling constant 7 which will appear in the deformation parameters in 
the quantum algebra. 

In terms of the quantum coupling constant 7, the central charge (|3,12|) now becomes 

c=l + 3(^+7) 2 , (3.17) 

7 

or equivalently 



7 2 = c-13±V(c -l)(c-25) _ (3 lg) 

The renormalization of the coupling constant is the same as in [12] • 

In this paper we are interested in the region c > 25, the so-called "weak-coupling 
region", which corresponds to the semi-classical region I 3> G. In this region, both 7 and 
7 are real. In the following we will write 7_ as 7 and 7+ as 2/7. 
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3.4 The nonexistence of SL(2, C) invariant vacuum 

Define the operator 



2 

vj = i — po, (3.19) 

7 

where the zero-mode po is defined in (|3.9[) . For c > 25 and 7 real, since the spectrum p of 
Po is purely imaginary in the elliptic sector, the spectrum w of w is real. In the hyperbolic 
sector, on the other hand, the spectrum of w is purely imaginary. 
Introduce a basis of zero mode eigenstates \w) such that 

zu\w,0) =w\w,0), a$\m,0)=Q, n > 0, i = 1,2. (3.20) 

These are highest-weight states, satisfying 28 



L \ w, ] 



1 1 



(1)2 



lea, 0! 



1 1 



(2)2 



_2 7 2 2-° J '— ' ' L27 2 2-° 
^laO) = ^n 2) lm,0) = 0, n>0. (3.21) 

The Hilbert space is a direct sum of Verma modules (not necessarily irreducible) which are 
obtained by applying either L_ n or L_ n for n > on the highest-weight states labeled by 
w. The two chiral Verma modules generated by p^ and p^ coincide, since the highest 
weights only depends upon p^ 2 = p^ 2 - 

The ground state structure of quantum Liouville theory is rather unconventional. The 
canonical quantization condition (|3.8|) can be solved perturbatively |27| . yet the (quantum) 
series expansion for one set of oscillators in terms of the other has manifest poles and breaks 
down at certain values of zero modes 

p Q = im/j, m G Z\{0}. (3.22) 

Classically for these values of p , the Liouville field ip cannot be real. The value p Q = i/7 
corresponding to A = is included in this set of zero modes, which means that the SL(2, C) 
invariant vacuum is not included in the spectrum. We can see this explicitly j3J| horn the 
fact that the L—\ (translation) operator acting on a ground state 

L®\m) = (pM + \ E «S-n4 l) ) |ffi> = (3.23) 

^ 71^0,-1 

implies that p^ = p^ = —i/'y, which contradicts with the condition that p^ = —p^- 
D'Hoker and Jackiw ]12| argue from the quantum equation of motion 

Vcp = 2e w (3.24) 

that no translationally invariant normalizable vacuum |0) exists in Liouville theory, since 
that would imply that 

(0|2e w |0) = (0|V(^|0) =0, (3.25) 

violating the formal positivity of the exponential. We will see in Section that the non- 
existence of SL(2, C)-invariant vacuum in the spectrum has important consequences in the 
whole Hilbert space structure of the quantum theory. 
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3.5 Construction of Hartle-Hawking states 

In the framework of standard conformal field theory, a basic 
assumption is that all highest-weight states are generated 
by applying a primary field to the SL(2, C)-invariant vac- 
uum | 0) . As we already discussed above, the situation is 
not standard in Liouville theory because of the absence of 
the SL(2, C)-invariant vacuum. The nonexistence of such a 
vacuum in the spectrum means that the standard map from 
an operator O to the state 0(z = 0) 1 0) cannot be used here. 
Instead, we can create a Hartle-Hawking state by perform- 
Figure 2: Operator insertion i n g a path integral on a disk D. To evaluate such a path 

integral, the boundary conditions for the field (p must be 
specified on the boundary of the disk. Insertion of the operator O on the disk D gives the 
wavefunction for the operator O 

*o[<Pb] = f [dip] e-^O . (3.26) 

The insertion of the vertex operator O = e aLp creates a state with purely imaginary zero 
mode p Q = i{^a — I/7), corresponding to a highest-weight state in the elliptic sector. 

3.6 Spectrum of the Hilbert space 

The spectrum of the theory thus includes different sectors depending on the values of the 
zero modes p Q : 

hyperbolic sector: p Q real, A = l/(27 2 ) + p 2 /2 > l/(27 2 ), 

elliptic sector: ^imaginary, A = l/(27 2 ) + p 2 /2 < l/(27 2 ). (3.27) 

The distinction between these two sectors can be made clear [35] in the mini-superspace 
approximation of the theory, where Liouville theory is described by a quantum mechanics 
problem of cr-independent 4>o- The states in the hyperbolic sector are labeled by the real 
continuous parameter p and the wave function is normalizable in the limit <p$ — > —00, when 
interaction term vanishes. The states that correspond to local vertex operator insertions 
are in the elliptic sector of the theory and lead to eigenfunctions of the Hamiltonian which 
diverge as 4>o — ► —00 because of the imaginary value of p Q . Thus these Hartle-Hawking 
states are called nonnormalizable states. 

The general solutions of (2+l)-dimensional gravity with A < can be classified in terms 
of the spectrum of Liouville theory. The Fefferman-Graham expansion [IS] of the metric 
which solves the Euclidean Einstein's equation is completely defined by the geometry on 
the boundary 44,45,46 . Choosing the asymptotic geometry to be an infinite cylinder, the 
complete expression of a locally AdS metric is 

G C 2 
ds 2 = 4-(Ldto 2 + LdCu 2 ) + (e 2p + l^-^LLeT^dwdh) + l 2 dp 2 , (3.28) 
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where {u,u),p} are coordinates such that the boundary is located at e p — ► oo, and u, uj are 
complex coordinates on the boundary. 

When L and L have constant values L c and L c , we can parametrize them as 

L c = i(M/ + J), L c = i(MZ-J). (3.29) 

For Af/ > |J|, the metric (|3.28f) is globally isometric to the Euclidean (2+l)-dimensional 
black hole of mass M and angular momentum J. For J = and M = —1/8G the metric 
reduces to Euclidean anti-de Sitter space. When Ml < \J\, the metric can be described 
as a conical singularity, which has an ADM mass lying between the anti-de Sitter value of 
-1/8G and the extremal BTZ black hole value of zero. 

The functions L and L in the exact solution are given by the energy-momentum tensor 
in the boundary Liouville field theory |45LI46j . Comparing the spectrum (|3.27j) with the 
values of L c and L c , we see that the hyperbolic sector of Liouville field theory correspond 
to black hole solutions, while the elliptic sector give solutions which behave like conical 
singularities. 

4 The underlying quantum algebra structure for Liouville 
theory 

We have seen from (|2.15|) that under SL(2,C) transformations the chiral fields ipm(c) 
transforms classically in the spin j representation with finite dimension 2j + 1, and that 
e~ 3(p is a group invariant. Gervais and Neveu |2B> 29 ,30 ,31 ,32 ,33, 34 have shown that this 
group structure is replaced by a quantum algebra after canonical quantization. 

4.1 The exchange algebra and fusion of chiral vertex operators 

Define normal-ordered chiral vertex operators 

^= di(w)N®(exp(lq®)) (4.1) 

as normalized solutions of the quantum version of eqn. (|2.13|) . where di(w) is normalization 
factor depending only on zero-modes. The ipi fields satisfy the exchange algebra 

^(cr^V) = Yl Sf 3 (w,<r- a')M<r')M<r)- (4-2) 

fc=l,2; 2=1,2 

It is shown in [2S| that the above Sfj satisfiesthe Yang-Baxter equations [4"71l4"81l4"9"] 

^2 S jk( w + a 2 - 0-3) S\ p x (w, cji - 03) S™£(w + e h cji - a 2 ) 
= Y / S^(w,a 1 -a 2 )S^ + e fl ,a 1 -a 3 )S l ^(w,a 2 -a 3 ), (4.3) 

£2 = -e\ = 1, 
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due to the associativity of the products of three ip fields. However they depend upon the 
zero modes w, which can be shifted by the ip fields since 

we hP = e ho ) ( w ±l). (4.4) 

Gervais (HHl showed that by taking operator product of = 1,2, one can generate 
chiral fields 

^ „ Ar( 1 )( e ' i |9 (1) ) A r(2)( e 49 (2) ), (4.5) 
with integer /j,, v. It is convenient to adopt the notation: 

ip$ = ipi- m <i+ m ; n + v = 2j, v-fi = 2m, (4.6) 

with ip—i/2 = ^i an d ^1/2 = P os hive half- integer j determines the conformal 

weight of ipm' 

^ = -j-\j{j + l). (4.7) 

(i) 

The operators ip m ' are closed under OPE and braiding, but the fusion coefficients and 
i?-matrix elements depend on the zero modes w and thus do not commute with the ipm '■ 
The quantum-group structure can be exhibited more explicitly, once one changes to another 
basis of Hermitian chiral fields [33] 

e£V)= E -j<M<j. (4.8) 

-j<m<j 

It was shown in [33] that the exchange algebra of these operators is 

e£VK2V)= E ti,j%U%\<r')&\<r), (4-9) 

-j<N<j;-j'<N'<j' 

where (j, j')m'm' i s coefficient of the universal i?-matrix of quantum algebra Uh{sl2) 



00 n n(n+l)/2 / 1 
JiH®H/2 ^2 q — 1- 

n=0 

with 

.-,2 



fl = e Mf®ff/2 £ 9 (1-g ) jn g, J n ) (410) 



/i = (4.11) 
where g = e _/l for < a < a' < ir and q = e h for < a' < a < n, and 



n _ -n 



i7, J + and J_ are the generators of the the formal deformation algebra U^sl^) of the 
univeral enveloping algebra U^sl^)- The algebra Uhisfa) (see [SUHoTHS^] and the references 
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therein) is an /i-adic algebra defined over the ring C[[/i]] of formal power series with the 
defining relations 1 

hH _ -hH 

[H, J ± ] = ±2J ± , [J + , J_] = [H] = eh _ e _ h . (4.13) 

It admits a unique /i-adic Hopf algebra structure and is quasitriangular (see Appendix lAl 
for some basic definitions regarding quantum algebras). 

The short-distance operator-product expansion of the £ fields is of the form |33j 

31+32 



£&Vk£:V) = E {(i-e-^)A(i)-A (il )-A( i2 ) x 

j=\h-h\ 



x fa, Mi ; j 2 , M 2 \ji,j 2 ;j, Mi +Mz)U% +Ma (<r) + descendants)}, (4.14) 



where {ji, Mi; j 2 , M 2 \ji, j 2 ; j, Mi + M 2 ) are the Clebsh-Gordan coefficients of U q (sl 2 ), and 

A(j) = —j — + 1) is the conformal weight of , assuming that there is no maxium 

vaule of j. 



4.2 Quantum algebras U q (sl 2 ) and representations with q as roots of unity 

Let q be a fixed complex number such that q ^ and q 2 ^ 1. Denote by U q (sl 2 ) the 
quantum algebra jHOllsSESl over C with four generators J + , J_, K, K" 1 satisfying the 
defining relations 

KK~ l = K~ X K = 1, [J+, J J = K ~ K , , KJ±K~ l = q ±2 J±, (4.15) 

9-9 

on which exists a unique Hopf algebra structure with comultiplication A, counit e and 
antipode S such that 

A(J+) = J+ <g> K + 1 <g> J+, A(J_) = J_ <g> 1 + K~ l ® J_, A (if) = K®K, 
e{K) = 1, e(J±) = 0, 
S(iT) = if -1 , S(J+) = - J+if -1 , S(J_) = -KJ-. (4.16) 

Note that the Hopf algebras U q {sl 2 ) and U q -i(sl 2 ) are isomorphic. 

The quantum algebra U q (sl 2 ) does not admit a universal i?-matrix since it is not quasi- 
triangular, but it is a braided Hopf algebra such that the condition of quasitriangularity 
is generalized to the existence of an automorphism of U q {sl2) <8> U q {sl2). Because of an in- 
jective homomorphism i : U q (sl 2 ) — ► Uh{sl 2 ) such that 

i(K) = e hH , iiK- 1 ) = e~ hH , i(q) = e h , (4.17) 

Note that in Gervais and Neveu's work the definition of Uh(sk) is slightly different, such that their 
generator J3 is twice the generator H defined here. 
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the universal i?-matrix (|4.1U|) of the quasitriangular algebra Uhisfa) gives the exchange 
algebra of two representations of U q {sl2) of the type that we shall discuss below. Equations 
(|4.1Uj) and (|4.14j) show the quantum algebra structure of the chiral fields (a), with the 
deformation parameter 

q = e^ 2 / 2 . (4.18) 

For real positive q the representation theory of the quantum algebra is essentially the 
same as that of the corresponding Lie algebra [5UH51ll52| . However, the special case when 
q is a root of unity, q = exp(^ 2 j L ), p £ Z, is different. Define 



p' = p for odd p 

p' = p/2 for even p. 



(4.19) 



Then all of the irreducible representations have finite dimension of at most p' 
At roots of unity, the quantum Casimir invariant 

Kq- l + K~ 1 q_ J J Kq + K^q' 1 
(q-q- 1 ) 2 + (q-q 

is no longer the only invariants of U q (sl2). The center of the algebra is generated by 



C„ (J + )', (J.)', (Kf , (A')-'. (4.21) 

These invariants are dependent, and there exists a polynomial relation among them. Hence 
irreducible representations of U q (sl>i) have three independent labels, which we may take to 
be the eigenvalues of (J+) p , (J-) p , {K) p with the Casimir invariant C q determined by 
them. 

Let T denote an irreducible representation of U q {sl2) on a vector space V. Concern- 
ing the values of the scalars T(J + ) P , T(J_) P , when q is a root of unity, the irreducible 
representations of U q {sl2) fall into three classes [5UII51U52) : nilpotent, cyclic and semicyclic 
representations. In this paper we will only discuss the discrete nilpotent representations 
T U j, defined as follows |5U] : 

Let j be an nonnegative integer or half-integer and let lo G {+1, — !}• Let Vj be a 
(2j + l)-dimensional complex vector space with basis e^, M = + l,...,j. For 

notational convenience, set e J+ i = = 0. Define operators T u j(J+), T^j(J_), T W j{K) 

acting on Vj by 



T^(J + )e M = y/\j-M]\j + M + l] e M +i, 
T wj {J_)e M = uy/\j + M]\j-M + l] e A /_i, 

T„ j (K)e M = uq 2M e M , (4.22) 

with [n] defined as in eqn. (|4.12|) . It can be shown that these operators satisfy the defining 
relations of the algebra, and hence define a representation T W j of the algebra U q {sl2) on Vj. 

For q a root of unity, the representation T U j is irreducible if and only if 2j < p'. The 
representation T^j, to £ {+1, —1}, j = 0, ^, 1, ... p -^-, are pairwise inequivalent and satisfy 
the condition T(J^) = T{J P 1) = 0. 
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5 Hartle-Hawking states 

5.1 Vertex operator as quantum group invariant 

In Section 21 we discussed the quantum algebra structure of the chiral fields ■ (a). The 
discussion equally applies to the chiral fields defined with the other solution of eqn. (|3.15j) . 
with 7 replaced by 2/7. The chiral fields can be constructed, and exhibit similar 

quantum algebra structure with the deformation parameter 

q = exp(i27r/7 2 ). (5-1) 

Consider the fields and £v as representations of U q {sl2) and Uq{sl2) of type T U j, on 
linear spaces over C (will here write Tuj(J+) simply as J+, etc.): 



j + e2 = vb'-M]b- + M + i]^ +1 , = v[5-*]^+M+i]e| +1 , 
* $ = ^ 2M $ , £ eg = ^ eg? • (5.2) 



ton 

j chili j, unc uuiai 11cm i 

is constructed by fusion of hatted and unhatted chiral fields 



Following the discussion by Gervais in |54U55| , for half- integer j and j, the chiral field , 



The corresponding quantum algebra structure of the general chiral fields was observed in 54 
to be U q {sl2) U g (sl2), where denotes some kind of graded tensor product, since the 
hatted and unhatted fields commute up to a simple phase when j and j are half- integers. 
For continuous spins, however, the commutation becomes nontrivial, and j, j lose their 
individual meanings since j and j can no longer be separated |56|I57| . Instead, one must 
introduce the effective spins [57j 

f=j + ^J, M e = M + ^M, (5.4) 

which are appropriate quantum numbers in this case. The fusion and braiding may be 
written in terms of these effective spins, which were shown to consistently include repre- 
sentations that are semi- infinite EBE'Ij . For half-integer j and j, it is equivalent to specify 
either or j e . 

For half-integer j and j, the complete quantum algebra action on the £ family is given 

by 



J + ^ = y/V-m + M + l]^ A , J + ^ = y/V - M] [3 + M + 1]£^ +1 , 
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with the restriction that oj = a), in order for the two discriptions in terms of and j e 
to be equivalent. 

The reconstruction of the Liouville field as a quantum invariant was discussed in |55j . 
as the quantum analog of the classical expression ()2.15() : 

'•'^ mm 1} q q 

MM 

where Cjj is a constant depending on j, j and 7. The quantum algebra structure of the 
field (j5.fi j) is of the type U q {sl2) U q (sl2) <8> U q (sl2) U q (sl2), and the field has negative 
conformal weight 

A = " h [{j + 5 + 1 )^" T - ^ - i)^25] 2 - ( 5 - 7 ) 

The anti-chiral fields (^"jL M ( x ~) rias a quantum group structure similar to eqn. (|5.5|) . 
Define the quantum algebra generators J7± and /C by the coproduct 

J+ = J+0K + 10 J+, J_ = J_ 1 + i^T' 1 J_, 1C = K®K, 

J + = j±®K + l®j±, j_ = l^li^ 1 ®!, K = K®K, (5.8) 

which naturally satisfies the commutation relations (|4.15|) . For values a) = 1, u; = ±1, we 
then have 

J ± e -^W = , AC e ~^^ = w e" W ? W , (5.9) 
implying that the quantized Liouville field is a quantum- group invariant. 



5.2 Reducible Verma modules and singular states 

We now construct the highest-weight representations of the Virasoro algebra corresponding 
to the local insertions of the vertex operators (|5.6|) . Since the holomorphic and antiholo- 
morphic components of the overall algebra decouple, representations are obtained by taking 
their tensor products. Denote by V(c, A) and V(c, A) the Verma modules generated by the 
sets {L n } and {L n } with central charge c and highest weights A and A. The Hilbert space 
in general is a direct sum of the tensor products of all conformal dimensions of the theory: 

^2 V(c, A) <g> V(c, A). (5.10) 

A, A 

It may happen that the representations of the Virasoro algebra comprising the states 

IMA}>^VV- L -J A >> A * >0 ( 5 - n ) 
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are reducible, that is, there is a submodule that is itself a representation of the Virasoro 
algebra. Such a submodule is generated from a highest-weight state \5), such that 

L n \5) =0 n > 0, (5.12) 

although this state is also of the form (|5.11|) . Such a state generates its own Verma module 
and is called a singular state. In the case of minimal models [SH] it is also called a null 
state, since its norm defined with respect to the inner product is 

(S\S) = 0. (5.13) 

A' A' 

Consider two partitions of level I: ^kk = ^2 X' k k = I. Act on | A, {A} ) with L fc J --L^. 
The result is proportional to |A): 

< 1 --4:IA,{A})=M { % A} |A), (5.14) 

where M^,-, is a polynomial in A and c. If AfW has a zero eigenvalue, then there exists 
a singular state l|5.12|) at level I, and the representation on the subspace generated by (|5.11jl 
is reducible. 

There exists a general formula, due to Kac |59|I6()|. for the determinant of the M®, the 

Kac determinant: 

det = ai Yl [A - A r>s (c)]^- rs \ (5.15) 

r,s>l 

where p(l — rs) is the number of partitions of the integer I — rs and ai is a positive constant 
independent of A and c. 

The function A rjS (c) can be written as 

with 



a± = — m — • (5 - 17) 



When A = A rjS , there exist singular vectors with dimensions 

A.5 = A r , s + rs. (5.18) 

In Liouville field theory the Hartle-Hawking states corresponding to vertex operators 
(|5.6I) have negative conformal weights (|5.7|l . which can be put in Kac form 
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where in this case 

a + = i—^, a_ = i—^. 5.20) 

7 V2 

J and J are related to the spins j, j of the quantum algebra U q (sl2) Uqisfa) by 

J = j + 1/2, J = j + l/2. (5.21) 
We see that at level I = AJJ there are singular states with As = Aj j + I. 

6 Conformal Ward identity 

We will see in Section [7| that just as in minimal models, the singular states discussed in 
Section T5.2I decouple from the conformal families. In order to understand this and to define 
the norm of these decoupling states, we need to understand the Ward identity in quan- 
tum Liouville theory for two-point correlation functions. We will follow the perturbative 
treatment of the geometrical approach to two-dimensional quantum gravity by Takhta- 
jan |61l lB2, 63, 64, 6"STj. which has a deep connection with the uniformation problem going 
back to Poincare's theorem EBL 

The correlation functions of the vertex operators of Liouville field theory are represented 
by functional integrals with the Liouville action over all Riemannian metrics in a given 
conformal class with prescribed conical singularities at inserted points. It was first observed 
by Polyakov (see |65j for details) that at the semi-classical level the Ward identities of the 
quantum Liouville theory establish a non-trivial relation between the accessory parameters 
and the critical value of the Liouville action functional. In the series of work by Takhtajan 
|61l l62, 63, 64ll6l)]. for the region c > 1, the validity of BPZ conformal Ward identity for 
n > 3 puncture operators was proven perturbatively, with the quantum central charge 
c = 1 + I2/7 2 , in agreement with the result of the algebraic approach (|3.12|) . 

The proof can be easily generalized to the case of n > 3 conical singularities [BTj . 
However, we shall see that in the case of two conical singularities, the Ward identity takes 
a different form, which is related to the geometrical property of a sphere with two conical 
singularities. 



6.1 Facts about the sphere with two conical singularities 

We will need the following facts about the Riemann sphere with two conical singularities. 

Let X be a Riemann sphere with two conical singularities at z = and z = 00. Following 
Troyanov [HS], a (conformal) metric ds 2 on a Riemann surface S has a conical singularity 
of order /3 (/3 a real number > —1) at a point p € S if in some neighbourhood of p 

ds 2 = e v \dz\ 2 , (6.1) 

where z is a coordinate of S defined in this neighbourhood and <p is a function such that 

<p{z) - 2p\ag\z - z{p)\ (6.2) 
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is continuous at p. 

A projective connection rj(z) on a Riemann surface S is defined as a rule which associates 
to each local uniformizer zonSa meromorphic quadratic differential 

r/0) = T{z)dz 2 (6.3) 

defined in the domain of z, in such a way that under a holomorphic change of coordinates 

r/(w) = r](z) + {z,w}dw 2 , (6-4) 

(dz \ ^ 
fa) +^'^' 

where {,} denotes the Schwarzian derivative: 

{fM = Y~2T (6 - 5) 

The projective connection ry has a regular singularity of weight A if 

77 = (= H l-Tifz)), Ti holomorphic, (6-6) 

— z z z 

where z is a uniformizer at p such that z(p) = 0. This definition of weight is independent 
of the choice of uniformizer. 

If ds 2 = e ip \dz 2 \ is a (conformal) metric of constant curvature on S with conical singu- 
larities of order Pi, 02, ■■■Pn at pi,p2, ■■■Pm then 

Z» = <Pzz - \& (6-7) 

where ip is a solution of Liouville equation with constant positive curvature. 

Let 77 be a projective connection on S 2 with regular singularities at z = and z = 00. 
Then we have (in the standard coordinate z): 

A, 2 



rj(z) = =dz 2 , A G C. (6i 



In particular, both singularities have the same order (5 and weight 

0(0 + 2) 



(6.9) 



6.2 Correlation functions denned on a sphere with two conical singular- 
ities 

For the case of two vertex operators, the correlation function is given by functional integral 
that diverges, so we need to define the functional integral for fixed area A = J e v d 2 z, 

following [nniizniEsi: 

(X) = J dA{X) A e- A ' 2 ^\ (6.10) 
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where the functional integral for fixed area A is defined as 

(X) A = / Vtpe ^ L 5( {Pze* - A). (6.11) 
C(X) 

Here C(X) denotes the class of smooth conformal metrics on X with one conical singularity 
at z = 0, another at z = oo, both have asymptotics (|6.2|) . These conditions imply that 
the Liouville action with fixed area diverges. A properly regularized Liouville action 1^ 
[^IHllinSlinSinnil^ with fixed area contains boundary terms around singularities, 

4 A) = lim{y |5^»| 2 (i 2 z + (2vr - 2) log e j, (6.12) 

where X t = X\{r 1 < e}\J{r 2 > 1/e}. 

Similarly, correlation functions of the energy-momentum tensor in the presence of con- 
ical singularities are defined by 

k I k I 

{f\T{ Zl )\[f(w )X) = I dA(f[T(zi)l[ f(w j )X) A e- A ^'y 2 \ (6.13) 
i=i j=i ^ i=i j=i 

where 

k I 

(I) A = (HT(z l )l\f(w J )X) A 

i=l j=l 

k I 

= J ^tln^tlnw^e-^^^'^di J d 2 ze*-A) (6.14) 
C{X) i=1 j=1 

As in standard quantum field theory, define the normalized connected correlation function 

k I 

m)A = ^T{z i )j[f{iB i )X)) A (6.15) 

i=l 3=1 

by the following inductive formula: 

{{I)) A = "E E «'l»A...«'r»A, (6.16) 

\ > A r=2 I= h (J ...j p 

where the summation goes over all representations of the set I as a disjoint union of the 
subset Ii...I r . For example, 

((T(z)X)) A = ^g^i, (6.17) 
\ x )a 

((T(z)T(w)X)) A = (T( y >A + ((T(z)X)) A ((T(w)X)) A . (6.18) 

\ x )a 
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The generating functional for correlation functions of the stress-energy tensor (|6.15|) is 
introduced by the following expression: 

Z{ji, n; X)a = , (6.19) 

\ x )a 



where 



Z(p,fi;X) A = J T>ip5( J d 2 ze v — A) : 



x exp 



^I ( L A) + P-v. J (T(<p)fA + f(<p)p,j\ , (6.20) 



where the external sources are represented by Beltrami differentials \i on the Riemann 
surface X. The generating functional for the normalized connected multipoint correlation 
function is defined in a standard fashion: 

lW( ft fi; X) a = log Z(/x, ji; X) A , (6.21) 
T 



so that 



k i 

9. if 

7 



2// n T / ^TT^^-^v\\ 5 k+l W(v, fi; X) A 



8fi(zi)...8fi(zk)8fi(wi)5fi(wi) 
% — i j — i 

6.3 Semi-classical Ward Identity for two-point functions 



(6.22) 

/i=/2=0 



In the semi-classical limit the correlation function is dominated by the contribution from 
the solution ip c \ to the classical Liouville equation. Before evaluating the functional inte- 
gral, first we calculate the classical solution <p c \ around which we will do the expansion. 
Let us look for classical solution corresponding to a Riemann sphere S 2 with two conical 
singularities at z = 0, oo, both of order (5. The Gauss-Bonnet formula for such a surface 
with positive constant curvature gives 

K 2 

—A = X {S 2 ) + Y J ^ (6-23) 
i=l 

where K is the Gaussian curvature, and x = 2 is the Euler characteristic of S 2 . <p c \ is then 
the solution of the Liouville equation with constant positive curvature 

K 2 
ddtp = --e* = -j{2 +5» e <". (6.24) 

i=i 

We will choose K = 1 and fixed area Aq = 27r(2 + ^ /3j), but any choice of A can be realized 
by a shift in tp. With this choice the Liouville equation for the classical solution becomes 

ddip = -~e v . (6.25) 
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In order to expand the Liouville action around the classical solution, first let 

<P = Pel + 5p. (6.26) 
The expansion of the Liouville action (|6.12|) is then 

l[ A °\p cl + Sip) = /i Ao) (^ci) - J (5p)(L + 1/2)(M dp - f; iy (M fc dp, (6.27) 

X fe=3 ' x 

where d/? = e' Pcl d 2 z is the volume form of the metric, and 

L = e'^dd (6.28) 

is the Laplacian operator on X. The inverse of (2Lq + 1) is given by the Green's function 
G(z,z'). The functional integral (|6.11|) now becomes 

(X) Ao = J V[8p] 5( J cfz - A ) x 

C{X) 



- i ^[4' A0) (¥'cl)-/(«5¥')(^0+l/2)(5 V )dp-Er=3F/(^) fc ^] 

x e ' * * (6.29) 



x exp 



We also need to expand T{ip) and T(p) around the classical solution. The expansion of the 
generating functional (|6.2U|) then reads 

Z(p, p; X) Ao = exp I" - —^I {A °\<p c \) + p.v. / (T d p + f d p)d 2 z] x 

27T7 Z J X 

T>[6tp]8[ J d 2 ze^(e 6ip - 1)] x 

) 

exp { J [(6<p)' (L + 1/2 - vre"^ (dpd + 3 fid)) (5p)'} dp] x 
x 

x exp { - G [1 - 27rGe- Vcl (fytd + 9 /2 3)] ~\dp} J 



Vi.vi 

x 



where 



and 



£ = e ^ cl (u; + cj), w = p zz + ((p c i) z p z + {<p c i)zzP, (6.31) 



V = <5v? + - — — — ^"f a -on - ( 6 - 32 ) 

L + 1/2 — ire ^(opo + o po) 
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Now look at the tree level value of ((T(z)X))a and ((T(z)T(w)X))a , which are defined 
in (|6~T7]) and (ftTTgjl . According to the definition (f6~2"2"|). 



((T(z)X)) Ao 



1 W( M ,^;X) Ao 



At=0 



It is clear that 



((T(2;)X))Ao-trec = rAo_d(«) = 3^2' 



(6.33) 



(6.34) 



where A is defined as in (|6.9|) . due to the form of the projective connection (|6.8|) on X. 

This is of a different form from the case of n > 3 conical singularities fH | 62 , 63 , 64"|l65| . 
For a Riemann sphere with n > 3 conical singularities of deficit angle 9 = 2n(l — cti),i = 
1, • • , re, with 



n-l 



Oi < 1, a, > 2, 



(6.35) 



8=1 



there exists (721173*1171] a unique conformal metric ds 2 = e v \dz^ of constant curvature — 1, 
where ip is a smooth function satisfying the Liouville equation (j2,7j) with certain asymptotics 
near the singular points. At the tree level [57] 



n-l 



((T(z)X)) 



tree 



1=1 



. 2 — Zi 



+ 



2 - Zi 



(6.36) 



where /ij = Oj(2 — ctj). The complex number q are the famous accessory parameters, which 
are uniquely determined by the singular points Z\, ■ ■ ■ ,z n and the set of orders on. 
For the connected Ward identity 



{{T(z)T(w)X)) Ao 



1 5 2 W(v,fi;X: 



A 



7 2 5fi(z)Sfj,(w) 
at the tree level, the only terms of order I/7 2 come from 



fi=0 



exp 



1 1 

fc=3 



X 



(6.37) 



(6.38) 



acting on the first term in the expansion of the integral 

exp{ --^ JtG[l-2TrGe-^(dnd + 3fid)y 1 £dp} 

7 x 

We obtain the following expression 



2-k 

((T(z)T(w)X)) Ao _ tree = --^V z V w G{z,w). 



(6.39) 



(6.40) 



where V z = d z d z - ((p c \) z d z . 
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6.4 Ward identity on the sphere with two conical singularities 

We will derive the Ward identity for the insertion of two vertex operators e _¥3//7 ^ at z = 0, oo, 
which classically corresponds to /3 = 1. In this case two spheres are cut along a geodesic 
joining the north pole to south pole and then glued together [HS], so that the tangent cones 
at the insertion point z = 0, oo are of angles 8 = 4ir. There exists a map from z-plane X 
to ("-plane S 2 , 

C = z\ (6.41) 

which is a covering / : S 2 — ► S 2 . 

The kernel of the integral operator (2Lq + 1) is given by the Green's function G(z, z'), 
which satisfies on X the PDE 

2G Z - Z (z, z') + exp[ip d ]G(z, z') = 5{z - z'). (6.42) 

We first study the Green's function Q{Q, (,') on the Riemann sphere S 2 of radius R = 1, 
on which the Laplacian Q6.28J) is of the form 

Lq = \{l + CO 2 d^c- (6.43) 

Define the point-pair invariant 

u -_ (C-O(C-C0 (644) 

u ~ (i+cd(i+cco' ( } 

Then the explicit solution for the Green's function is 

= -J-(2« + l) ]*(—) + -, (6-45) 

Z7T — U 7T 

with the desired asymptotic behavior. Note that here u £ (—1,0). 

Using the map Q6.41JI to obtain G(z, z') on X from G(d COj then using Q6.4UJI . a straight- 
forward calculation reveals that for (3 = 1, at the tree level, 

6 r 1 1 1 

((T(z)T(w)X)) Ao = - - — + , (6.46) 

7 z L(z — w)* 2[z — wyw A l[z — w)w a J 

which combined with (|6.17j) . (|6.18j) and (|6.H4j) . gives rise to the expression 
(T(z)T(w)X) Ao = *^(X) Ao + 

[Z W) 

+ ( + — 4~ + EAl ( T ^)X)a , (6.47) 

I (Z — W) z Z — W OW ~[\ z ~ z i) \ 

where c c \ = I2/7 2 is the classical central charge, and A = —3/2^/ 2 = A/7 2 is the conformal 
weight of the vertex operator as 7 — > 0. 
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In the standard conformal Ward identity obtained from the operator product expansion 

(OPE) inn, 



{T(z)T(w)X) = Ax) + | T ^ I + 
(z — wp I (z — w) z 

+ rb£ + £(<r^ + rh;£)}^M x >- (6 - 48) 



where the terms after the summation sign come from the OPE of the vertex operators, 
while the terms before that are due to the OPE of the energy-momentum tensor itself. 
Comparing with (|6.47j) . we see that the contributions from the OPE of the T"s remain the 
same; all difference comes in from the fact that 

2 A 

(T(z)X) Ao = ((T(z)X)) Ao (X) Ao = £ — — -2 (X) Ao (6.49) 

. , [Z Zi) 

i=i 

is different from the standard form 

This difference, in turn, is the consequence of the difference between ()6.34(l and ()6.36|) . 

In Section [3.41 we saw that the SL(2, C)-invariant vacuum does not exist in Liouville 
field theory. Thus it is not surprising to have a Ward identity that is different from the 
standard form, since we do not have the usual operator-state correspondence; instead we 
treat each Hartle-Hawking state as a ground state, and use the OPE of energy-momentum 
tensor to define (IJi=i T(zi)X) Ao from (T(z)X) Ao . 

In the BPZ formulation |58j . all correlation functions of secondary fields are given by 
differential operators acting on those of primary states. Here we define differential operators 
£- n , consistent with our semi-classical result 

((L-. n V)(w)V(z)) A =C-n(V{w)V(z)) A , (n>l), (6.51) 

with a modified definition 

(n-l)A 

£_ n = ) Lf. (6.52) 



(w — z) 2 



In particular, 



A 

(w — z) 



£_! = 0, £_ 2 = — — -2 . (6.53) 
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Figure 3: Norm of Hartle-Hawking state 



7 Decoupling states with nonzero norm 
7.1 The norm of the singular states 

We now proceed to define the norm of the singular states described in Section f5. 21 Because 
of the nonstandard form of the Ward identity of two-point functions and the differential 
operators (|6.51|) . we will show by an explicit example here that the norm of such a singular 
state is in fact not zero, unlike the familiar case of the minimal models. 

A simple example of such a singular state is at level I = 2 of the Hartle-Hawking state 
| A) constructed from the operator V = e - ^/ 2 , 

\d) = [L^ + V L 2 _ 1 ]\A>, (7.1) 

where 

v = -2(2^TTy (7 - 2) 

The norm of such a state can be evaluated by gluing together two disks with operator 
5(z, z) at the center of each disk. 

The norm of the singular state (S\S) is then related to the correlation function by 



(8\5) = lim w^ A+2 ^w 2( ^ A+2 \5(id,w)5( y 0,0)) 

w,w— >oo 

= lim w 2{A+2) w 2{A+2 U(L 2 _ 1 + r ] L^ 2 )V(w,w)(L 2 _ 1 + v L- 2 )V(0,0)), 

w,w—*oo 

= lim r] 2 A 2 w 2A w 2A [ dAe- A /^ 2 \V(w,w)V '(0,0)) a 

w,w— >oo / 

= lim if A 2 'w 2A w 2A (V{w,w)V (0,0)). (7.3) 

w,w— >oo 

The two-point function are expressed in terms of gamma functions as [751176] 

/ e a4>(w) e a<j>(0)\ 



T(7 2 /2) n2(i-a)/7 2 r(7a-7 2 /2)r(2a/7-2/7 2 -l) 1 

4tt- 



r(l - 7 2 /2) J 7 2 r(l - 7a + 7 2 /2) r(2 - 2a/7 + 2/ 7 2 ) (ww) 2A ' 

Using the two-point function for V = e - ^^/ 2 , we obtain 



(7.4) 



/AIM r 2 A2 L T(7 2 /2) i2(l- Q )/7 2 r(-7 2 )T(-2/7 2 -2) 

m =r] rr(i-f/2)J ~- r(i + 7 2 )r(3 + 2/^)- (7 - 5) 
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7.2 Decoupling of the singular states 



In minimal models, the representation of the Virasoro algebra Va is irreducible unless the 
dimension A takes values in Kac table. The singular vector \5) is orthogonal to any state 
of Va an d has zero norm. Thus such a singular state is also called a null state, and all its 
descendants are also null states since their norms are proportional to {S\5). 

That such a null state in minimal models is orthogonal to the whole Verma module 
translates, in the field language, into the vanishing of the correlator {SX), where X is a 
string of local fields:X = (f>rZt) ■ ■ ■ ((>n(zn)- This implies certain differential equation for 
(5X). In the example for level-2 null state the differential equation is 



{£_ 2 + ??/: 2 _ 1 }(^)x) =0. 



(7.6) 



Or more explicitly 



N 

£ 



1 







z - Zi dzi + ( 



A; 



+ ^W(*)*> = o, 



(7.7) 



where A j is the dimension of the primary field . 

Now look at the singular states in the Liouville field theory. We see that eqn. ()7.7[) 
remains valid for N > 2, since in this case the Ward identity is of the standard form. For 
N = 1 eqn. (|7.6|) took a different form because of (jfi.5MJI . Yet because of the 5-function in 
the two point function 



(ww) 



2A 



(7.8) 



the singular state is still orthogonal to the whole Verma modules but itself - that is, it is a 
decoupling state with nonzero norm (|7.5jl . 



8 BTZ Black hole entropy 

Now let us look at the states in Liouville field theory that are candidates for the BTZ black 
hole state counting. 

As we have seen in Section 0] and El the deformation parameters of the quantum algebra 
U q {sl2) Uq{sl2) in Liouville field theory are 

q = exp(i7r 7 2 /2), P = 4/7 2 , 
q = exp(i27r/7 2 ), p = j 2 . 

Let us consider the case in which 4/7 2 = 2iV + 1, an odd integer, so 

q = e i2n/(2N + l)^ £ = e i(*+l/2> (8.!) 
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Accordingly the Hartle-Hawking states with negative conformal weight A j j given by (|5.19|) 
have spin 

J = l/2,l,...,2/f, 

J = 1/2,1. (8.2) 

The conformal families built on these states are reducible, as we have discussed in Section 
15.21 The decoupling singular states in these reducible Verma modules A j j have conformal 
weights 

A 5 = Ajj + 4JJ = ^ + 1 [2Ja + - 2 Ja_] 2 , (8.3) 

and are highest weight states themselves. Yet unlike in minimal models, the Verma modules 
built on these decoupling states are irreducible without further decoupling, since the rs term 
in eqn. (|5.18|) is now negative. 

In particular, for states with w = ±1 and spins 

T - 1 - 1 2 

J — — , J — — ,1,---,-ttt, and 

2 2 7 Z 

J=1 > J = ^-i'-'^ ^ 

A ,5 takes value between and 2/7 2 . Altogether there are I2/7 2 such states. For other spin 
values A<s is negative. 

As we showed in Section |7| unlike the null states of minimal models, these decoupling 
states have nonzero norms. Furthermore, they can have positive definite norm for certain 
values of N. Consider for example, the decoupling state at level I = 2 of the Hartle-Hawking 
state constructed from the operator V = e - ^/ 2 . Its norm was given in eqn. (|7.5j) . and the 
sign of the norm is determined by 

T(- 7 2 ) T(-2/7 2 - 2) = (-1)^+ 3 r(-f). (8.5) 

We can see from the properties of gamma function that for large odd N, the norm (|7.5|) is 
positive definite and finite. 

Furthermore, the Verma modules built on these decoupling states are unitary represen- 
tations of the Virasoro algebra, since these are representations with c > 1,A<5 > 0. The 
proof follows directly from the Kac determinant; see for example |77| . 

Thus we propose that the Hilbert space TC contributing to black hole entropy is a tensor 
product of I2/7 2 unitary irreducible Verma modules H built on the decoupling states 
described in (|8.4|) with conformal weights < As < l/(2 r y 2 ): 

H = H ®H <g> ...®H . (8.6) 

12/7 2 

The structure is illustrated in Fig. 21 
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A < 



|A) 



A) 



Figure 4: Verma modules built on |A) with decoupling states \5) 



The conformal weight A is the sum over these I2/7 2 sectors. Because these sectors 
decouple from each other, the asymptotic density of states contributed from each Verma 
module H is equivalent to that of a theory with I2/7 2 scalar fields, 



For the semi-classical limit 7 — > 0, this coincides with Q1.2|) . the result from Cardy's formula. 

9 Conclusion and discussion 

In this paper we have followed the canonical quantization approach of Liouville field theory 
due to Gervais and his collaborators, which shows an explicit quantum algebra structure 
U q (sl2) Uq(sl2) of the quantum Liouville theory. We considered the vertex operators that 
correspond to the graded tensor products of the irreducible representations of the quantum 
algebra with positive half- integer spins j, j. The corresponding Hartle-Hawking states have 
negative conformal weights of Kac form, and the conformal families built on these highest- 
weight states are reducible. Yet unlike in minimal models, the decoupling states are not 
null states, due to the nonstandard form of the Ward identity for two-point functions. We 
showed that when the deformation parameter is a root of unity, more specifically, when 
4/7 2 is an odd integer, there are natural cut-offs for spins j and j. The conformal families 
built on the decoupling states with positive conformal weights, which take value between 
and 2/7 2 , give rise to the correct Bekenstein-Hawking entropy for BTZ black hole. 

This is a first step towards a thorough understanding of the microscopic states of the 
BTZ black hole. Many questions still remain to be answered, however. 

• The derivation of the Ward identity for two-point functions is given here only for the 
tree-level calculation for "heavy" vertex operators. It would be interesting to have a 
nonperturbative derivation instead. 

• We need to understand whether the result holds for general values of 7. As a first step, 
what happens if 4/7 2 is an even integer or a general rational number? For certain 
gauge groups, there are indications that although Chern-Simon theory is well-defined 




(8.7) 
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for any coupling constant, but the physical Hilbert space becomes finite for rational 
coupling constants and is different from the general case [7811791150] . 

• When the deformation parameter is a root of unity, the fusion rules of the irreducible 
representations of the quantum algebra U q (sl2) necessarily include certain indecom- 
posable representations, which may be related to the logarithmic operators in the 
theory. It will be important to understand the role played by these indecomposable 
representations . 

• We must still understand the geometric meaning of these decoupling states. 

• It will be interesting to understand the state counting when matter fields are coupled 
to the gravitational field. 

• Liouville theory may also be obtained near the horizon of an arbitrary black hole by 
dimensionally reducing to the r — t plane. Thus the calculation may be extended 
towards the understanding of the gravitational degrees of freedom contributing to an 
arbitrary black hole horizon. 
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A Appendix 

The following discussion basically follows [5U] . 
Let IK stand for a commutative ring with unit. 

Definition 1. An (associative) algebra (with unity) is a vector space A over K together 
with two linear maps, m : A A — > A, called the multiplication or the product, and 
r\ : K — ► A, called the unit, such that 

m o (m id) = m o (id to), 
mo (77 id) = id = m o (id rj). (A.l) 

We now dualize this definition by reversing all arrows and replacing all mappings by the 
corresponding dual ones. 

Definition 2. A coalgebra is a vector space A over IK equipped with two linear mappings, 
A : A — > A A, called the comultiplication or the coproduct of A, and e : A — > IK, called 
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the counit, such that 

(A <g) id) o A = (id ®A)o A, 
(e <g> id) o A = id = (id (g> e) o A. (A.2) 

Definition 3. A bialgebra is a vector space which is an algebra and a coalgebra, that is, 
the following two conditions are equivalent: 

(i) . A : A — ► A <8> A and e : A — > K are algebra homomorphisms. 

(ii) . m : „4 <8> .A — > A and 77 : K — ► „4 are coalgebra homomorphisms. 

Definition 4. A bialgebra „4 is called a flop/ algebra if there exists a linear mapping 
S : A ^ A, called the antipode or the coinverse of .A, such that 

mo (S <8> id) o A = 77 o e = m o (id <8> 5) o A. (A. 3) 

The elements of the ring C[[h]] are formal power series / = S^o a nh n in an indeterminate 
h with complex coefficient. Let V and W be vector spaces over C[[/i]]. The topology on V 
for which the set {h n V + v\n G No} are a neighborhood base of v G F is called the h-adic 
topology. Denote by V®W the completion of the tensor product space V ®c[[h}\ W in the 
/i-adic topology. 

Definition 5. An h-adic Hopf algebra A is a vector space over C[[h]] which is complete in 
the /i-adic toplogy and endowed with C[[/i]] -linear mappings m : A<S>A — > A, rj : C[[h]] — ► 
A, A : A — > ^4(8)^4, e : .4 — ► C[[/i]] and 5 : A — ► A which satisfy the Hopf algebra axioms 
with (g) replaced by (8). 

Let r denote the flip operator given by r(a ®b) = b® a. Define the coopposite coproduct 
A c °p = r o A. 

Definition 6. A bialgebra (resp. Hopf algebra) A is called quasitriangular if there exists 
an invertible element R of A <8> A, such that 

A cop (a) = RA(a)R-\ a£A (A.4) 

(A id)(i?) = R 13 R 23 , (id A)(R) = R 13 R 12 , (A.5) 

where i? i2 = Si 3 ^®^® 1 ; #13 = Si x i® ^23 = Si l®£i®2/i, for -R = Y,i x i®Vi- An 

invertible element i? G .4 (8 A is called a universal R-matrix of A. A quasitriangular biage- 
bra (resp. Hopf algebra) with universal R-matrix R is said to be triangular if R21 = R-i, 
where R 2 i = t(R) = Si Vi^xi. 

Proposition Let A be a quasitriangular bialgebra with universal .R-matrix R, then we 
have 

R12R13R23 = R23R13R12, (-A--6) 
(e®id)(R) =(e®id)(R) = 1. (A.7) 
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If A is a Hopf algebra, then we also have 

(S® id) (12) = RT 1 , (id®S)(-R -:l ) =1?, (S®S){R)=R. (Ai 
The relation l)A.6|) is called the Quantum Yang-Baxter equation. 
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